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Abstract

As machine learning models continue to increase in complexity, collecting large hand-labeled training sets has
become one of the biggest roadblocks in practice. Instead, weaker forms of supervision that provide noisier but
cheaper labels are often used. However, these weak supervision sources have diverse and unknown accuracies,
may output correlated labels, and may label different tasks or apply at different levels of granularity. We propose a
framework for integrating and modeling such weak supervision sources by viewing them as labeling different
related sub-tasks of a problem, which we refer to as the multi-task weak supervision setting. We show that by
solving a matrix completion-style problem, we can recover the accuracies of these multi-task sources given their
dependency structure, but without any labeled data, leading to higher-quality supervision for training an end
model. Theoretically, we show that the generalization error of models trained with this approach improves with the
number of unlabeled data points, and characterize the scaling with respect to the task and dependency structures.
On three fine-grained classification problems, we show that our approach leads to average gains of 20.2 points in
accuracy over a traditional supervised approach, 6.8 points over a majority vote baseline, and 4.1 points over a
previously proposed weak supervision method that models tasks separately.

1 Introduction

One of the greatest roadblocks to using modern machine learning models is collecting hand-labeled training data at
the massive scale they require. In real-world settings where domain expertise is needed and modeling goals change
frequently, hand-labeling training sets is prohibitively slow, expensive, and static. For these reasons, practitioners
are increasingly turning to weak supervision techniques wherein noisier, often programmatically-generated labels
are used instead. Common weak supervision sources include external knowledge bases [26;139; 185 133], heuristic
patterns [1429], feature annotations [255 38]], and noisy crowd labels [[17;[11]]. The use of these sources has led to
state-of-the-art results in a range of domains [39;37]. A theme of weak supervision is that using the full diversity
of available sources is critical to training high-quality models [29; 39].

The key technical difficulty of weak supervision is determining how to combine the labels of multiple sources
which have different, unknown accuracies, may be correlated, and may label at different levels of granularity. In
our experience with users in academia and industry, the complexity of real world weak supervision sources makes
this integration phase the key time sink and stumbling block. For example, if we are training a model to classify
entities in text, we may have one available source of high-quality but coarse-grained labels—e.g. “Person” vs.
“Location”—and one source that provides lower-quality but finer-grained labels; moreover, these sources might be
correlated due to some shared component or data source [2}[35]. Handling such diversity requires solving a core
technical challenge: estimating the unknown accuracies of multi-granular and potentially correlated supervision
sources without any labeled data.

We propose MeTal, a framework for modeling and integrating weak supervision sources with different unknown
accuracies, correlations, and granularities. In MeTaL, we view each source as labeling one of several related
sub-tasks of a problem—we refer to this as the multi-task weak supervision setting. We then show that given
the dependency structure of the sources, we can use their observed agreement and disagreement rates to recover
their unknown accuracies by solving a matrix-completion-style problem. Moreover, we exploit the relationship
structure between tasks to observe additional cross-task agreements and disagreements, effectively providing extra
signal to learn from. In contrast to previous approaches based on sampling from the posterior of a graphical model
directly [30; 2f], we are able to apply strong matrix concentration bounds [34], and obtain a simple algorithm
for learning and modeling the accuracies of these diverse weak supervision sources. Given their accuracies, we
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Figure 1: A schematic of the MeTaL pipeline. To generate training data for an end model, the user inputs a task
graph Gy, defining the relationships between task labels Y1, ..., Y;; a set of unlabeled data points X; a set of
multi-task weak supervision sources S = {s1, ..., S} that each output one or more task labels for X; and the
dependency structure between these sources, Gyouce- We train a label model to learn the accuracies of the sources,
outputting a vector of probabilistic training labels Y for training an end multi-task model.

combine their labels to produce training data which can then be used to supervise arbitrary multi-task learning
models [5;31].

Compared to previous methods which only handled the single-task setting [30; 29]], and generally only considered
conditionally-independent sources [1; [11]], we demonstrate that our multi-task aware approach leads to average
gains of 4.1 points in accuracy in our experiments, and has at least three additional benefits. First, many dependency
structures between weak supervision sources may lead to non-identifiable models of their accuracies, where a unique
solution cannot be recovered. We provide a compiler-like check to establish identifiability—i.e. the existence of a
unique set of source accuracies—for arbitrary dependency structures, without resorting to the standard assumption
of non-adversarial sources [[L1], alerting users to this potential stumbling block that we have observed in practice.
Next, we provide sharper sample complexity bounds that characterize the benefit of adding additional unlabeled
data, and the scaling with respect to the user-specified task and dependency structure. While previous approaches
required thousands of sources to give non-vacuous bounds, we capture regimes with small numbers of sources,
better mirroring the real-world uses of weak supervision we have observed. Finally, we are able to solve our
proposed problem directly with SGD, leading to over 100x faster runtimes compared to prior Gibbs-sampling
based approaches [30; [28]], and enabling simple implementation using libraries like PyTorch.

We validate our framework on three fine-grained classification tasks in named entity recognition, relation extraction,
and medical document classification, for which we have diverse weak supervision sources at multiple levels of
granularity. We show that by modeling them as labeling hierarchically-related sub-tasks and utilizing unlabeled
data, we can get an average improvement of 20.2 points in accuracy over a traditional supervised approach, 6.8
points over a basic majority voting weak supervision baseline, and 4.1 points over data programming [30], an
existing weak supervision approach in the literature that is not multi-task-aware. We also extend our framework
to handle unipolar sources that only label one class, a critical aspect of weak supervision in practice that leads to
an average 2.8 point contribution to our gains over majority vote. From a practical standpoint, we argue that our
framework represents an efficient way for practitioners to supervise modern machine learning models for complex
tasks by opportunistically using the diverse weak supervision sources available to them.

2 Related Work

Our work builds on and extends various settings studied in machine learning:

Weak Supervision: We draw motivation from recent work which models and integrates weak supervision using
generative models [30; [29; 2] and other methods [13 [19]. These approaches, however, do not handle multi-
granularity or multi-task weak supervision, require expensive sampling-based techniques that may lead to non-
identifiable solutions, and leave room for sharper theoretical characterization of weak supervision scaling properties.
More generally, our work is motivated by a wide range of specific weak supervision techniques, which includes
traditional distant supervision approaches [26518;1395 1155133}, co-training methods [4], pattern-based supervision [[14;
39], and feature-annotation techniques [255 138} [23]].

Crowdsourcing: Our approach also has connections to the crowdsourcing literature [[17;[11], and in particular to
spectral and method of moments-based approaches [40; 95 [12} [1]]. In contrast, the goal of our work is to support
and explore settings not covered by crowdsourcing work, such as sources with correlated outputs, the proposed
multi-task supervision setting, and regimes wherein a small number of labelers (weak supervision sources) each
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Figure 2: An example fine-grained entity classification problem, where weak supervision sources label three
sub-tasks of different granularities: (i) Person vs. Organization, (ii) Doctor vs. Lawyer (or N/A), (iii)
Hospital vs. Office (or N/A). The example weak supervision sources use a pattern-based heuristic and
dictionary lookup respectively.

label a large number of items (data points). Moreover, we theoretically characterize the generalization performance
of an end model trained with the weakly labeled data.

Multi-Task Learning: Our proposed approach is motivated by recent progress on multi-task learning models [5; 31§
32}, in particular their need for multiple large hand-labeled training datasets. We note that the focus of our paper is
on generating supervision for these models, not on the particular multi-task learning model being trained, which we
seek to control for by fixing a simple architecture in our experiments.

Our work is also related to recent techniques for estimating classifier accuracies without labeled data in the presence
of structural constraints [28]]. We use matrix structure [24] and concentration bounds [34] for our core results.

3 Programming Machine Learning with Weak Supervision

As modern machine learning models become both more complex and more performant on a range of tasks,
developers increasingly interact with them by programmatically generating noisier or weak supervision. These
approaches of effectively programming machine learning models [18] by programmatically generating training
labels generally proceed as follows [30; 29]]: First, users provide one or more weak supervision sources, which
are applied to unlabeled data to generate a set of noisy labels. These labels overlap and conflict; we model and
combine them via a label model in order to produce a set of training labels. These weak labels are then used to train
a discriminative model, which we refer to as the end model. This programmatic weak supervision approach can
utilize sources ranging from heuristic rules to other models, and in this way can also be viewed as a pragmatic and
flexible form of multi-source transfer learning.

In our experiences with users from science and industry, we have found it critical to utilize all available sources of
weak supervision for complex modeling problems, including ones which label at multiple levels of granularity.
However, this diverse, multi-granular weak supervision does not easily fit into existing paradigms. We propose
a formulation where each weak supervision source labels some sub-task of a problem, which we refer to as the
multi-task weak supervision setting. We consider an example:

Example 1 A developer wants to train a fine-grained Named Entity Recognition (NER) model to classify mentions
of entities in the news (Figure[2)). She has a multitude of available weak supervision sources which she believes have
relevant signal for her problem—for example, pattern matchers, dictionaries, and pre-trained generic NER taggers.
However, it is unclear how to properly use and combine them: some of them label phrases coarsely as PERSON
versus ORGANIZATION, while others classify specific fine-grained types of people or organizations, with a range
of unknown accuracies. In our framework, she can represent them as labeling tasks of different granularities—e.g.
Y1 = {Person,Org}, Ya = {Doctor, Lawyer, N/A}, Y3 = {Hospital, Office, N/A}, where the label
N/A applies when for example when the type-of-person task is applied to an organization.

In our proposed multi-task supervision setting, the user specifies a set of structurally-related zasks, and then provides
a set of weak supervision sources which are user-defined functions that label each data point for each task or abstain,

and may have some user-specified dependency structure. Our goal is to estimate the unknown accuracies of these
sources, combine their outputs, and use the resulting labels to train an end model.

4 Modeling Multi-Task Weak Supervision

The core technical challenge of the multi-task weak supervision setting is recovering the unknown accuracies of
weak supervision sources given their dependency structure and a schema of the tasks they label, but without any



Figure 3: An example of a weak supervision source dependency graph Gsource (left) and its junction tree representa-
tion (right), where Y is a vector-valued random variable with a feasible set of values, Y € ). Here, the output of
sources 1 and 2 are modeled as dependent conditioned on Y. This results in a junction tree with singleton separator
sets, Y. Here, the observable cliques are O = {A1, Az, A3, Ay, {A1, A2}} C C.

ground-truth labeled data. We define a new algorithm for recovering the accuracies in this setting using a low-rank
matrix completion approach. We establish conditions under which the resulting estimator returns a unique solution.
We then analyze the sample complexity of our estimator, characterizing its scaling with respect to the amount of
unlabeled data, as well as the task schema and dependency structure, and show how the estimation error affects
the generalization performance of the end model we aim to train. Finally, we highlight how our approach handles
abstentions and unipolar sources, two critical scenarios in the weak supervision setting.

4.1 A Multi-Task Weak Supervision Estimator

Problem Setup Let X € X be a data point and Y = [Y7,Y5,...,Y;]T be a vector of categorical task labels,
Y; € {1,..., k;}, corresponding to ¢ tasks, where (X, Y) is drawn i.i.d. from a distribution DD The user provides a
specification of how these tasks relate to each other; we denote this schema as the task structure Gyg. The task
structure expresses logical relationships between tasks, defining a feasible set of label vectors ), such that Y € ).
For example, Figure [2]illustrates a hierarchical task structure over three tasks of different granularities pertaining to
a fine-grained entity classification problem. Here, the tasks are related by logical subsumption relationships: for
example, if Yo = DOCTOR, this implies that Y; = PERSON, and that Y3 = N/A, since the task label Y5 concerns
types of organizations, which is inapplicable to persons. Thus, in this task structure, Y = [PERSON, DOCTOR, N/A]
isin Y while Y = [PERSON, N/A, HOSPITAL] is not.

In our setting, rather than observing the true label Y, we have access to m multi-task weak supervision sources
which emit label vectors A; that contain labels for some subset of the ¢ tasks. Let 0 denote a null or abstaining label,
and let the coverage set 7; C {1,...,t} be the fixed set of tasks for which the ith source emits non-zero labels,
such that A\; € ;. For convenience, we let 7o = {1,...,¢} so that J;, = ). For example, a coarse-grained source
from our previous example might have a coverage set 7; = {1, 3}, emitting labels such as A; = [PERSON, 0, N/A].
Note that sources often label multiple tasks implicitly due to the constraints of the task structure; for example, a
source that labels types of people (Y3) also implicitly labels people vs. organizations (Y; = PERSON), and types of
organizations (as Y3 = N/A). Thus sources tailored to different tasks still have agreements and disagreements; we
use this additional cross-task signal in our approach.

The user provides the conditional dependency structure of the sources as a graph Gsuee = (V, E), where
V = {Y, A1, Aa,..., A} (Figure . Specifically, if (A;, A;) is not an edge in Gsource, this means that X; is
independent of A; conditioned on Y and the other source labels. Note that if Gisource is unknown, it can be estimated
using statistical techniques such as [2]. Importantly, we do not know anything about the strengths of the correlations
in Gyource, OF the sources’ accuracies.

Our overall goal is to apply the set of weak supervision sources S to an unlabeled dataset Xy consisting of n data
points, then use the resulting weakly-labeled training set to supervise an end model f,, : X — Y (Figure[T). This
weakly-labeled training set will contain overlapping and conflicting labels, from sources wtih unknown accuracies
and correlations. To handle this, we will learn a label model P,(Y|X) which takes as input the noisy labels and
outputs a single probabilistic label Y for each X. Succinctly, given a user-provided tuple (X, S, Gsource, Grask)»
our goal is to recover the parameters u. The key technical challenge is then estimating ; without access to ground
truth labels Y.

Modeling Multi-Task Sources To learn a multi-task source label model, we introduce sufficient statistics over
the random variables in Gyuee.- We write C for the set of cliques in Gygyree, and define a binary indicator random

I'The variables we introduce throughout this section are summarized in a glossary in the Appendix.



variable for the event of a clique C' € C taking on a set of values y¢:
V(C.yc) = 1{NiecVi = (yc)i},

where (yo); € Vr,. We define 1(C) € {0,1}1icc(¥7:1=1) a5 the vector of indicator random variables for all
combinations of all but one of the labels emitted by each variable in clique C—thereby defining a minimal set of
statistics—and define 1 (C) accordingly for any set of cliques C C C. Then p = E [¢)(C)] is the vector of sufficient
statistics for the label model we want to learn.

We work with two simplifying conditions in this section; in the Appendix, we provide details on the fully general
setting. First, we consider the setting where Goycce 1S friangulated and has a junction tree representation with
singleton separator sets. If this is not the case, edges can always be added to Gyoyce to make this setting hold,;
otherwise, we describe how our approach can directly handle non-singleton separator sets in the Appendix.

Second, we use a simplified model of the noisy labeling process where we learn class-conditional accuracies, that
is we learn one accuracy parameter for each combination of a source label A; and true label Y. This equivalent
to modeling errors as uniform for each label Y: when the source labels a data point with label Y incorrectly,
the probability of selecting any of the incorrect labels is identical. This is a commonly considered model, e.g.
in [[115[30]]; we also consider the more general model in the Appendix.

Our Approach The chief technical difficulty in our problem is that we do not observe Y. We overcome this
by analyzing the covariance matrix of a particular subset of the cliques in Gygyrce, leading to a low-rank matrix
completion approach for recovering . We leverage two pieces of information: (i) the observability of part
of Cov [¢)(C)], and (ii) a result from Loh & Wainwright [24] which states that the inverse covariance matrix
Cov [@Z)(C)}_l is structured according to Gsource, i-€., if there is no edge between A; and A; in Gource, then the
corresponding entries are 0.

We start by considering two disjoint subsets of C: the set of observable cliques, O C C—i.e. those cliques not
containing Y—and the separator set cliques of the junction tree, S C C. In the setting we consider in this section,
S = {Y} (see Figure[3|for a simple example). We can then write the covariance matrix of the indicator variables
for OU S, Cov [¢(O U S)], along with its inverse, in block form similar to [6] as:
by by

o os] 7 1)

e s

Cov[p(OUS) =X = [ KDs Ks

E_IZK: |:KO KOS:|

Here, ¥p = Cov [)(0)] € Ré0*40 js the observable block of ¥, and do = > co [Tiec(|Vr| — 1). Next,
Yos = Cov [¢(0),1(S8)] is the unobserved block which is a function of 1, the label model parameters that we
wish to recover, and £ s = Cov [¢)(S)] = Cov [1/(Y)] is a function of the class balance P(Y).

We make two observations about > s. First, while the full form of X s is the covariance of the » — 1 indicator
variables for each individual value of Y but one, given our simplified model in this section, we only need a single
indicator variable for Y; thus, X5 is a scalar. Second, X is a function of the class balance P(Y), which we
assume is either known, or has been estimated according to the unsupervised approach we detail in Appendix[A.3.3]
Concretely then, our goal is to recover the vector ¥ps from which we can recover u, given X and ¥s.

Applying the block matrix inversion lemma, we get the equation:
Ko =%5"+25'%0s (Zs — 253251205)‘1 IS Sy 2)
Letc= (ES — 255251205)_1 €Rt,and z = ﬁEZ)lEog; we can then express as:
Ko =35+ 22" 3)

The right hand side of consists of an empirically observable term, 271, and a rank-one term, zz7, which
we can solve for to directly recover p. For the left hand side, we apply an extension of Corollary 1 from Loh &
Wainwright [24] (see Appendix) to conclude that Ko has graph-structured sparsity, i.e. it has zeros determined by
the structure of dependencies between the sources in Gource- This suggests an algorithmic approach of estimating z
as a low-rank matrix completion problem in order to recover an estimate of 1 (Algorithm [I)). In more detail: let 2
be the set of indices (7, j) where (Ko); ; = 0, determined by Gource, yielding a system of equations,

0= (35, + (ZZT)M for (z,7) € 2. 4)
which is now a rank-one matrix completion-style problem. Define || A||, as the Frobenius norm of A with entries

not in € set to zero; then we can rewrite as ||251 + 22T | IQ = (. We solve this equation to estimate z, and
thereby recover X s, from which we can directly recover the label model parameters y algebraically.



Algorithm 1 Rank-One Source Accuracy Estimation for Multi-Task Weak Supervision

Input: Empirically observed labeling rates and covariance K [¢(O)],30; class balance and variance
E [(Y)], Xs; correlation sparsity structure 2
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Figure 4: (Left) Estimation error ||ft — p*|| decreases with increasing n. (Middle) Given Gsoyrce, Our model
successfully recovers the source accuracies even with many pairwise dependencies among sources, where a naive
conditionally-independent model fails. (Right) The runtime of MeTaL is independent of n after an initial matrix
multiply, and can thus be multiple orders of magnitude faster than Gibbs sampling-based approaches [30].

Checking for Identifiability A first question is which dependency structures Gyouree lead to unique solutions for
w1? This question presents a stumbling block for users, who might attempt to use non-identifiable sets of correlated
weak supervision sources.

We provide a simple, testable condition for identifiability. Let Gy, be the inverse graph of Gygyce; note that €2
is the edge set of Giyy expanded to include all indicator random variables 1/(C). Then, let M, be a matrix with
dimensions || x do such that each row in Mg, corresponds to a pair (7, j) € €2 with 1’s in positions ¢ and j and
0’s elsewhere.

Taking the log of the squared entries of , we get a system of linear equations Mql = qq, where [; = log(z2) and
q(i5) = log(((5")i.7)?). Assuming we can solve this system (which we can always ensure by adding sources; see
Appendix), this yields 22, meaning our model is identifiable up to sign.

Given estimates of the 21-2, the sign of a single z; determines the sign of all other z; reachable from z; in Giyy. Thus
to ensure a unique solution, we only need to pick a sign for each connected component in Gj,y. In the case the
sources are assumed to be independent, e.g., [[L0; 1405 [11]], it suffices to make the assumption that the sources are on
average non-adversarial, i.e. select the sign of the z; that leads to higher average accuracies of the sources. Even
a single source that is conditionally independent from all the other sources will cause Gjyy to be fully connected,
meaning we can use this symmetry breaking assumption in the majority of cases even with correlated sources.
Otherwise, a sufficient condition is the standard one of non-adversarial sources.

Source Accuracy Estimation Algorithm Now that we know when a set of sources with correlation structure
Gsource 1s identifiable, yielding z, we can estimate the accuracies p using only observed or known quantities with
Algorithm[T] We also use the function ExpandTied, which is a simple algebraic expansion of the estimated rank one
version of p, 111, according to the simplified model used in this section; see Appendix for details, and for the more
general algorithm. In Figure 4] we plot the performance of our algorithm on synthetic data, showing its scaling
with n, density of pairwise correlation structure Goyree, and runtime performance as compared to prior approaches.
Next, we theoretically analyze the scaling of the error || — p*||.

4.2 Theoretical Analysis: Scaling with Diverse Multi-Task Supervision

Our ultimate goal is to train an end model using the source labels, denoised and combined by the label model /i
we have estimated. We connect the generalization error of this end model to the estimation error of Algorithm|I}
ultimately showing that the generalization error scales as n~ 2, where n is the number of unlabeled data points. This



key result establishes the same asymptotic scaling as traditionally supervised learning methods, but with respect to
unlabeled data points.

Let Pﬂ(? | A) be the probabilistic label predicted by our estimated label model, given the source labels A as input,
which we compute using the estimated fi. We then train an end multi-task discriminative model f,, : X — )Y
parameterized by w, by minimizing the expected loss with respect to the label model over n unlabeled data points.
Letl(w,X,Y) =1 S, li(w, X, Y,) be a bounded multi-task loss function such that without loss of generality
I(w, X,Y) < 1; then we minimize the empirical noise aware loss:

. IR .
W = argmin,, - ZE?NP[L('P\) [l(w, Xi,Y)} , (5)
i=1

and let w be the w that minimizes the true noise-aware loss. This minimization can be performed by standard
methods and is not the focus of our paper; let the solution @ satisfy E [||& — @||?] < 7. We make several
assumptions, following [30]: (1) that for some label model parameters p*, sampling (X, Y) ~ P,- (+) is the same
as sampling from the true distribution, (A, Y) ~ D; and (2) that the task labels Y; are independent of the features
of the end model features given A sampled from P, (-), that is, the output of the optimal label model provides
sufficient information to discern the true label. Then we have the following result:

Theorem 1 Let w minimize the expected noise aware loss, using weak supervision source parameters [i estimated
with Algorithm Let @ minimize the empirical noise aware loss with E [||& — @||?] < v, w* = min,, l(w, X, Y),
and let the assumptions above hold. Then the generalization error is bounded by:

E[i(w, X,Y) = l(w", X, Y)] <+ 4[| — p*]]

Thus, to control the generalization error, we must control || — p*

, which we do in Theorem
Theorem 2 Let [i be an estimate of u* produced by Algorithm || run over n unlabeled data points. Let a :=
1

-3 —1
(% — At (ZO)) *and b = 156" I . Then, we have:

min (5 ) min

E [~ p°ll] < 4~ Dby 2 [(3y/doadgh(S0) + 1) (2VBabomas (M) [5(S0) + Mgk (Do) )

Interpreting the Bound We briefly explain the key terms controlling the bound in Theorem [2} more detail is
found in the Appendix. Our key result is that the estimation error scales as n=z. Next, Omax(Mg ), the largest
singular value of the pseudoinverse M, has a deep connection to the density of the graph Gy, The smaller this
quantity, the more information we have about Giyy, and the easier it is to estimate the accuracies. Next, Apin(X0),
the smallest eigenvalue of the observed matrix, reflects the conditioning of 3o ; better conditioning yields easier
estimation. Finally, (Zal)min, the smallest entry of the inverse observed matrix, reflects the smallest non-zero
correlation between source accuracies; distinguishing between small correlations and independencies requires more
samples.

4.3 Extensions: Abstentions & Unipolar Sources

We briefly highlight two extensions handled by our approach, which we have found empirically critical: handing
abstains, and modeling unipolar sources.

Handling Abstentions One fundamental aspect of the weak supervision setting is that sources may abstain from
labeling a data point entirely—that is, they may have incomplete and differing coverage [29;[10]. We can easily
deal with this case by extending the coverage ranges ), of the sources to include the vector of all zeros, 0, and we
do so in the experiments.

Handling Unipolar Sources Finally, we highlight the fact that our approach models class conditional source
accuracies, in particular motivated by the case we have frequently observed in practice of unipolar weak supervision
sources, i.e. sources that each only label a single class or abstain. In practice, we find that users most commonly use
such unipolar sources; for example, a common template for a heuristic-based weak supervision source over text
is one that looks for a specific pattern, and if present emits a specific label, else abstains. As compared to prior
approaches that did not model class-conditional accuracies, e.g. [30]], we show in our experiments that we can use
our class-conditional modeling approach to yield an improvement of 2.8 points in accuracy.



NER RE Doc  Average

Gold (Dev) 63.7+2.1 284+23 62.7+45 51.6
MV 76.9+2.6 439+26 742+12 65.0
DP [30] 784+12 49.0+£27 758+£09 67.7
MeTaL 822+0.8 567+2.1 76.6+L04 71.8

Table 1: Performance Comparison of Different Supervision Approaches. We compare the micro accuracy (avg.
over 10 trials) with 95% confidence intervals of an end multi-task model trained using the hand-labeled development
set (Gold Dev), hierarchical majority vote (MV), data programming (DP), and our approach (MeTaL).

S Experiments

We validate our approach on three fine-grained classification problems—entity classification, relation classification,
and document classification—where weak supervision sources are available at both coarser and finer-grained
levels (e.g. as in Figure [2). We evaluated the predictive accuracy of end models supervised with training data
produced by several approaches, finding that our approach outperforms traditional hand-labeled supervision by 20.2
points, a baseline majority vote weak supervision approach by 6.8 points, and a prior weak supervision denoising
approach [30] that is not multi-task-aware by 4.1 points.

Datasets Each dataset consists of a large (3k-63k) amount of unlabeled training data and a small (200-350)
amount of labeled data which we refer to as the development set, which we use for (a) a traditional supervision
baseline, and (b) for hyperparameter tuning of the end model (see Appendix). The average number of sources per
task was 13, with sources expressed as Python functions, averaging 4 lines of code and comprising a mix of pattern
matching, external knowledge base or dictionary lookup, and pre-trained models.

Named Entity Recognition (NER): We represent a fine-grained named entity recognition problem—i.e. tag-
ging entity mentions in text documents—as a hierarchy of three sub-tasks over the OntoNotes dataset [36]: Y;
€ {Person, Organization}, Y2 € {Businessperson, Other Person, N/A}, Y3 € {Company, Other Org, N/A}, where
again we use N/A to represent “not applicable”.

Relation Extraction (RE): We represent a relation extraction problem—i.e. classifying entity-entity relation mentions
in text documents—as a hierarchy of six sub-tasks which either concern labeling the subject, object, or subject-
object pair of a candidate relation in the TACRED dataset [41]]. For example, we might classify a relation as having
a Person subject, Location object, and Place-of-Residence relation type.

Medical Document Classification (Doc): We represent a radiology report triaging—i.e. document classification—
problem from the Openl dataset [27] as a hierarchy of three sub-tasks: Y7 € {Acute, Non-Acute}, Y2 € {Urgent, Emergent, N/A},
Y3 € {Normal, Non-Urgent, N/A}.

End Model Protocol Our goal was to select a basic multi-task end model class, to test its performance with
training labels produced by various different approaches. We use an architecture consisting of a bidirectional LSTM
input layer with pre-trained embeddings, d linear intermediate layers, and a final linear layer (“task head”) for each
supervision task, attached to the intermediate layer corresponding to its level in the problem task structure—thus
mirroring the structure of Gy,g. A hyperparameter search was initially performed for each application over layer
sizes, embedding types, and dropout and regularization, then fixed for the experiments.

Core Validation We compare the accuracy of an end multi-task model trained with labels from our approach
versus those trained with labels from three baseline approaches (Table|[I):

o Traditional Supervision [Gold (Dev)]: We train the end model using the hand-labeled data points in the develop-
ment set.

e Hierarchical Majority Vote [MV]: We use a hierarchical majority vote of the weak supervision source labels: i.e.
for each data point, for each task we take the majority vote and proceed down the task tree accordingly. This
procedure can be thought of as a hard decision tree, or a cascade of if-then statements that might occur in a
rule-based approach.

e Data Programming [DP]: We model each task separately using the data programming approach for denoising
weak supervision [29].
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Figure 5: In the OntoNotes dataset, quality scales with the amount of available unlabeled data.

#Train LM EM Gain

NER 62,547 752 822 7.0
RE 9,000 553 574 2.1
Doc 2,630 756 76.6 1.0

Figure 6: Using the label model (LM) predictions directly does not perform as well as using them to train an end
model (EM).

In all settings, we used the same end model architecture as described above. Note that while we choose to model
these problems as consisting of multiple sub-tasks, we evaluate with respect to the broad primary task of fine-
grained classification (for subtask-specific scores, see Appendix). We observe in Table [I] that our approach of
leveraging multi-granularity weak supervision leads to large gains—20.2 points over traditional supervision with
the development set, 6.8 points over hierarchical majority vote, and 4.1 points over data programming.

Ablations We examine individual factors:

Unipolar Correction: Modeling unipolar sources (Sec 4.3, which we find to be especially common when fine-
grained tasks are involved, leads to an average gain of 2.8 points of accuracy in MeTaL performance.

Joint Task Modeling: Next, we use our algorithm to estimate the accuracies of sources for each task separately, to
observe the empirical impact of modeling the multi-task setting jointly as proposed. We see average gains of 1.3
points in accuracy (see Appendix).

End Model Generalization: Though not possible in many settings, in our experiments we can directly apply the
label model to make predictions. In Table [6] we show that the end model improves performance by an average
3.4 points in accuracy, validating that the models trained do indeed learn to generalize beyond the provided weak
supervision. Moreover, the largest generalization gain came from the dataset with the most available unlabeled
data (n=63k), demonstrating scaling consistent with the predictions of our theory (Fig.[5). This ability to leverage
additional unlabeled data and more sophisticated models are key advantages of the weak supervision approach in
practice.

6 Conclusion

We presented MeTalL, a framework for training models with weak supervision from diverse, multi-task sources
with different granularities, accuracies, and correlations. We tackle the core challenge of recovering the unknown
source accuracies via a matrix-completion style approach, introduced a scalable algorithm with sharper theoretical
bounds and empirical gains on real-world datasets. In future work, we hope to learn the dependency structure and
cover a broader range of settings where labeled training data is a bottleneck.
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A Problem Setup & Modeling Approach

In Section[A] we review our problem setup and modeling approach in more detail, and for more general settings
than in the body. In Section |B} we provide an overview, additional interpretation, and the proofs of our main

theoretical results. Finally, in Section|[C| we go over additional details of our experimental setup.

We begin in Section[A.T|with a glossary of the symbols and notation used throughout this paper. Then, in Section[A.7]
we present the setup of our multi-task weak supervision problem, and in Section[A.3]we present our approach for
modeling multi-task weak supervision, and the low-rank matrix completion approach used to estimate the model
parameters. Finally, in Section we present in more detail the subcase of hierarchical tasks considered in the

main body of the paper.

A.1 Glossary of Symbols

Symbol Used for

X Data point, X € X

n Number of data points

Y, Label for one of the ¢ classification tasks, Yy € {1,... ks}

t Number of tasks

Y Vector of task labels Y = [Y7,Ya, ..., V;]T

r Cardinality of the output space, r = ||

Glask Task structure graph

Yy Output space of allowable task labels defined by Gy, Y € V

D Distribution from which we assume (X, Y) data points are sampled i.i.d.

S5 Weak supervision source, a function mapping X to a label vector

A Label vector A; € Y output by the ¢th source for X

m Number of sources

A m x t matrix of labels output by the m sources for X

Yo Source output space, which is ) augmented to include elements set to zero

T Coverage set of \;- the tasks s; gives non-zero labels to; for convenience, 79 = {1, ..., t}
V-, The output space for \; given coverage set 7;

y:j_i“ The output space );, with all but the first value, for defining a minimal set of statistics
Gsource Source dependency graph, Gsouce = (V, E), V = {Y, A1, ..., A}

C Cliqueset (maximal and non-maximal) of Gyoyrce

C ,S The maximal cliques (nodes) and separator sets of the junction tree over Goyrce
¥(C,yc) The indicator variable for the variables in clique C' € C taking on values yc, (yo): € Vr,
I The parameters of our label model we aim to estimate; ;1 = E [¢]

@) The set of observable cliques, i.e. those corresponding to cliques without Y

b Generalized covariance matrix of O U S, ¥ = Cov [¢(O U S)]

K The inverse generalized covariance matrix K = ¥ 1

do,ds The dimensions of O and S respectively

Gaug The augmented source dependencies graph Gayy = (¢, Equg)

Q The edge set of the inverse graph of Gy,

P Diagonal matrix of class prior probabilities, P(Y)

P,(Y,X\) The label model parameterized by j

Y The probabilistic training label, i.e. P, (Y|X)

fw(X)  The end model trained using (X, Y)

Table 2: Glossary of variables and symbols used in this paper.

A.2 Problem Setup

Let X € X be a data point and Y = [Y7,Y53,.

from distribution D; to keep the notation manageable, we do not place subscripts on the sample tuples.
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.., Y3]T be a vector of task labels corresponding to t tasks. We
consider categorical task labels, Y; € {1,... ,k;} fori € {1,...,t}. We assume (X, Y) pairs are sampled i.i.d.



Task Structure The tasks are related by a task graph Gy,s. Here, we consider schemas expressing logical
relationships between tasks, which thus define feasible sets of label vectors Y, such that Y € Y. We let r = ||
be the number of feasible task vectors. In section we consider the particular subcase of a hierarchical task
structure as used in the experiments section of the paper.

Multi-Task Sources We now consider multi-task weak supervision sources s; € S, which represent noisy and
potentially incomplete sources of labels, which have unknown accuracies and correlations. Each source s; outputs
label vectors \;, which contain non-zero labels for some of the tasks, such that \; is in the feasible set ) but
potentially with some elements set to zero, denoting a null vote or abstention for that task. Let )y denote this
extended set which includes certain task labels set to zero.

We also assume that each source has a fixed fask coverage set T;, such that (A\;)s # 0 for s € 7, and (A;)s = 0
for s ¢ 7;; let Y, C Yy be the range of A; given coverage set 7;. For convenience, we let 7o = {1,...,t} so that
Y-, = Y. The intuitive idea of the task coverage set is that some labelers may choose not to label certain tasks;
Example [2)illustrates this notion. Note that sources can also abstain for a data point, meaning they emit no label
(which we denote with a symbol 6); we include this in )V;,. Thus we have s; : X — )., where, again, \; denotes
the output of the function s;.

Problem Statement Our overall goal is to use the noisy or weak, multi-task supervision from the set of m sources,
S = {s1,...,Sm}, applied to an unlabeled dataset Xy consisting of n data points, to supervise an end model
fw : X = Y. Since the sources have unknown accuracies, and will generally output noisy and incomplete labels
that will overlap and conflict, our intermediate goal is to learn a label model P,, : X — [0, 1] 1Yl which takes as input
the source labels and outputs a set of probabilistic label vectors, Y, for each X, which can then be used to train the
end model. Succinctly, given a user-provided tuple (X, S, Gsource, Grask )» Our goal is to recover the parameters (.

The key technical challenge in this approach then consists of learning the parameters of this label model—
corresponding to the conditional accuracies of the sources (and, for technical reasons we shall shortly explain,
cliques of correlated sources)—given that we do not have access to the ground truth labels Y. We discuss our
approach to overcoming this core technical challenge in the subsequent section.

A.3 Our Approach: Modeling Multi-Task Sources

Our goal is to estimate the parameters p of a label model that produces probabilistic training labels given the

observed source outputs, Y = P, (Y|X), without access to the ground truth labels Y. We do this in three steps:

1. We start by defining a graphical model over the weak supervision source outputs and the true (latent) variable Y,
(A1,..., Am, Y), using the conditional independence structure Gource between the sources.

2. Next, we analyze the generalized covariance matrix % (following Loh & Wainwright [24]), which is defined over
binary indicator variables for each value of each clique (or specific subsets of cliques) in Goyrce. We consider
two specific subsets of the cliques in Goyece, the observable cliques O and the separator sets S, such that:

EO Eog -1 I:KO KOS:|
E = E = K = R
[Egs Xs } Kgs Ks

where ¢ is the block of X that we can observe, and s is a function of y, the parameters (corresponding to
source and clique accuracies) we wish to recover. We then apply a result by Loh and Wainwright [24] to establish
the sparsity pattern of K = X ~!. This allows us to apply the block-matrix inversion lemma to reformulate our
problem as low-rank matrix completion.

3. Finally, we describe how to recover the class balance P(Y); with this and the estimate of 11, we then describe
how to compute the probabilistic training labels Y = P, (Y|X).

We start by focusing on the setting where Gsource has a junction tree with singleton separator sets; we note that a
version of Gource Where this holds can always be formed by adding edges to the graph. We then discuss how to
handle graphs with non-singleton separator sets, and finally describe different settings where our problem reduces
to rank-one matrix completion. In Section B} we introduce theoretical results for the resulting model and provide
our model estimation strategy.
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Figure 7: A simple example of a weak supervision source dependency graph Gource (left) and its junction tree
representation (right). Here Y is as a vector-valued variable with a feasible set of values, Y € ||, and the output of
sources 1 and 2 are modeled as dependent conditioned on Y. This results in a junction tree with singleton separator
sets Y. Here, the observable cliques are O = {1, A2, A3, Ag, {A1, A2}} C C.

A.3.1 Defining a Multi-Task Source Model

We consider a model Gsoyree = (V, E), where V- = {Y, A1, ..., A;n }, and E consists of pairwise interactions (i.e. we
consider an Ising model, or equivalently, a graph rather than a hypergraph of correlations). We assume that Goyrce 1S
provided by the user. However, if Gource is unknown, there are various techniques for estimating it statistically [2]]
or even from static analysis if the sources are heuristic functions [35]. We provide an example Goyree With singleton
separator sets in Figure

Augmented Sufficient Statistics Finally, we extend the random variables in V' by defining a matrix of indicator
statistics over all cliques in Gource, in order to estimate all the parameters needed for our label model P,,. We
assume that the provided Goyrce 18 chordal, meaning it has no chordless cycles of length greater than three; if not,
the graph can easily be triangulated to satisfy this property, in which case we work with this augmented version.

Let C be the set of maximal and non-maximal cliques in the chordal graph Goyrce. We start by defining a binary
indicator random variable for the event of a clique C' € C in the graph Gyouee = (V, E) taking on a set of values

Yyc:
P(C,yc) = 1{NiecVi = (yc)i}

where (yc); € yﬁ:i“ and y;‘:i“ contains all but one values of V,, thereby leading to a minimal set of statistics. Note
that in our notation, Vo =Y, Vr, = Y, and V;~¢ = A;. Accordingly, we define ¥(C) € {0, I}Hiec(‘yﬂ' I=1) as the
vector of indicator random variables for all combinations of all but one of the labels emitted by each variable in
clique C, and define 1)(C) accordingly for any set of cliques C C C. Then p = E [¢(C)] is the vector of sufficient
statistics for the label model we want to learn. Our model estimation goal is now stated simply: we wish to estimate
L, without access to the ground truth labels Y.

A.3.2 Model Estimation without Ground Truth Using Inverse Covariance Structure

Our goal is to estimate 1 = E [¢p(C)]; this, along with the class balance P(Y) (which we assume we know, or else
estimate using the approach in Section , is sufficient information to compute P, (Y|X). If we had access to a
large enough set of ground truth labels Y, we could simply take the empirical expectation 1) [+]; however in our
setting we cannot directly observe this. Instead, we proceed by analyzing a sub-block of the covariance matrix of
1(C), which corresponds to the generalized covariance matrix of our graphical model as in [24], and leverage two
key pieces of information:

e A sub-block of this generalized covariance matrix is observable, and

e By a simple extension of Corollary 1 in [24], we know the sparsity structure of the inverse generalized covariance
matrix 71, i.e. we know that it will have elements equal to zero according to the structure of Gyoyrce-

Since Gouree 1s triangulated, it admits a junction tree representation [21]], which has maximal cliques (nodes) c
and separator sets S. We also include in S subsets of separator cliques. Note that we follow the convention that S
includes the full powerset of separator set cliques, i.e. all subset cliques of separator set cliques are also included
in S. We proceed by considering two specific subsets of the cliques of our graphical model Gyrce: those that are
observable (i.e. not containing Y), O = {C' | Y ¢ C,C € C}, and the set of separator set cliques (which will
always contain Y, and thus be unobservable).

For simplicity of exposition, we start by considering graphs Gource Which have singleton separator sets; given our
graph structure, this means that S = {{Y}}. Note that in general we will write single-element sets without braces
when their type is obvious from context, so we have S = {Y}. Intuitively, this corresponds to models where weak
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supervision sources are correlated in fully-connected clusters, corresponding to real-world settings in which sources
are correlated due to shared data sources, code, or heuristics for example. However, we can either (i) add edges to
Glsource such that this is the case, or (ii) extend our approach to many settings where Gouce does not have singleton
separator sets (see Section . In this setting of S = {Y}, we now have:

0={C|Y¢C,CeC} S ={Y}.

Here, O is the same set as before—the augmented indicator variables for all observable cliques in Goyce, that is,
those cliques not containing Y—and S now consists just of the minimal set of indicator variables for Y.
We define corresponding dimensions dp and ds:

do = Z H(D}ﬂ

Ce0ielC

—1) dgzr—l.

We now decompose the generalized covariance matrix and its inverse as:

_«_ | X0 ZXos 1. | Ko Kon
Cov[zp(OUS)]:z_[EgS EJ 5 _K_{KSH KH:|7 ©)

This is similar to the approach in [6], but with several important differences: we consider discrete (rather than
Gaussian) random variables and have additional knowledge of the graph structure. Here, 3¢ is the observable block
of the generalized covariance matrix X, and Yo s is the unobserved block which is a function of i, the parameters
(corresponding to source and source clique accuracies) we wish to recover. Note that > s is a function of the class
balance P(Y), which we assume is either known, or has been estimated according to the unsupervised approach we
detail in Section[A.3.5] Therefore, we assume that 3 is also known. Concretely then, our goal is to recover Yos
given Xp, Xs.

We start by applying the block matrix inversion lemma to get the equation:

_ _ _ -1 _
Ko =%5"+25'%0s (s — £5s85'S0s) T5sE5" (7

Next, let JJT = (ES -x7 8261205) ' We justify this decomposition by showing that this term is positive
semidefinite. We start by applying the Woodbury matrix inversion lemma:

_ -1 _ _ _ -1 _
(Zs —E5s25'%0s) =X5' + 25285 (Zo +20sE5'28s) TosZg' (8)

Now, note that > and s are both covariance matrices themselves and are therefore PSD. Furthermore, from [24]
we know that ¥~! must exist, which implies that ¥ and X are invertible (and thus in fact positive definite).

Therefore we also have that 205251255 -0 = (EO + 205251255) - > 0, and therefore (8)) is positive
definite, and can therefore always be expressed as JJ T for some J. Therefore, we can write as:

Ko =3%5"+ 2505/ 8520
Finally, define Z = ZalEOSJ ; we then have:
Ko =%g5'+ 277", 9)

Note that Z € R%0 >4 where dgy = r — 1, and therefore ZZ7 is a rank-(r — 1) matrix. Therefore, we now have
a form (9) that appears close to being a low-rank matrix completion problem. We complete the connection by
leveraging the known sparsity structure of K.

Define Gag = (¢, Eayg) to be the augmented version of our graph Gource. In other words, let ¢ = (C1, y¢, ) and
j = (Cq, yc, ) according to the indexing scheme of our augmented indicator variables; then, (i, j) € By it C1,Co
are subsets of the same maximal clique in Gurce. Then, let Giny-aug = (¥, 2) be the inverse graph of G, such
that (,7) € Fag = (i,]) ¢ § and vice-versa.

We start with a result that extends Corollary 1 in Loh & Wainwright [24] to our specific setting where we consider
a set of the variables that contains all observable cliques, O, and all separator sets S:

Corollary 1 Let U = O U S. Let Sy be the generalized covariance matrix for U. Then (Eal)i, j = 0 whenever
1, j correspond to cliques C1, Cy respectively such that C, Cs are not subsets of the same maximal clique.
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Algorithm 2 Label Model Parameter Estimation Algorithm

Input: Empirically-observed source clique indicator statistics [v(0)y(0)T], IE [1)(O)], separator set statistics
E [¢(8)¥(S)T] ,E [¢(S)], correlation sparsity structure §

S0 E [Y(0)(0)T] — I [ (0)] E [ (0)]" > Form empirical (or known) covariance matrices.
Vs« E [0(S)0(S)"] ~ E[W(S)E [¥(S)]"

7 argmin , ‘ ‘251 +ZZ T‘ ’Q > Solve low-rank matrix completion problem.
A PN P Nt TP ~

Q<+ XoZ (I + ZTZOZ> ZT%0 > Recover Yps using linear algebra.

A, A < Eigendecomp(Q)

B, As + Eigendecomp(X3')

~ _1

Sos — ANTAG2 B!

i Sos +EW(O)E [v(S)" > Recover /i from Yps; note we return as a matrix here.
return /i

Proof: We partition the cliques C into two sets, U and W = C \ U. Let X be the full generalized covariance matrix
(i.e. including all maximal and non-maximal cliques) and I' = ¥ ~!. Thus we have:

ZU EUW —1 KU KUW
[EEW EW KIY;W KW

By the block matrix inversion lemma we have:
Y, = Ky — Kpw Ky Ky

We now follow the proof structure of Corollary 1 of [24]]. We know K7, is graph structured by Theorem 1 of [24].
Next, using the same argument as in the proof of Corollary 1 of [24], we know that Ky, and therefore K ‘jvl,
is block-diagonal. Intuitively, because the set U contains all of the separator set cliques, and due to the running
intersection property of a junction tree, each clique in W belongs to precisely one maximal clique- leading to block
diagonal structure of Kyy. We thus need only to show that the following quantity is zero for two cliques C;, C; that
are not subsets of the same maximal clique, with corresponding indices i, j:

(Kow Kyw' Klw),; = > (Kow)i s (K3 ) g5 (Kfw) 5,
B

where B are the indices corresponding to the blocks in K- v_vl’ which correspond to maximal cliques. Our argument
follows again as in Corollary 1 of [24]: since U contains the separator sets, if the two cliques C'y, C'y are not subsets
of the same maximal clique, then for each B, either (Kyw ); g or (K}y) p,; must be zero, completing the proof.

Now, by Corollary 1, we know that K; ; = 01if (¢, j) € Q. Let Ag denote a matrix A with all entries (¢, ) ¢ Q
masked to zero. Then, we have:

(oY), + (227, =0. (10)

Thus, given the dependency graph Gyource, We can solve for Z as a rank-(r — 1) matrix completion problem, with
mask . Defining the semi-norm || A||, = ||Aq|| z, We can solve:

Z:argminz ||251—|—ZZTHQ. (11)

Now, we have an estimate of Z (which, we note, we can only at this point recover up to orthogonal transformations).
We now proceed as follows:

1. Given our estimated Z, we compute the quantity @ = Yps 25125 S
2. We can then take the eigendecomposition of () to recover o s.
3. We then recover p from Yps.

To start, we define:

_ _ _ _ —1
Q=20s85'Shs = (B0ZJ 25 (202 W =S0Z (JTEsd) ~ Z7%0. (12)
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Next, we have:
J P70z = T (ITS8s551) 0 (25 2os )T = 25555 Sos. (13)
Second, we have:
(JIT) ™ =55 - S5s35' S0s = I =J"Ss] — J'25s55 2 0s . (14)
Putting (I3) and (T4) together, we get:
JIs] =14+21%02. (15)
Therefore, we now have:
Q=S0Z(I+72"S07)"" 2750, (16)

which is an expression that we can compute, since it only involves the observed ¥ and the estimated Z. We then
can take the eigendecomposition of (), and together with the fact that we know Xs, recover Yps.

Finally, we have:
Sos +E[W(O)E[H(S)]" =E [$(0)(8)"]. a7

Here, we can clearly observe E [¢(O)], and given that we know the class balance P(Y), we also have E [¢/(S)];
therefore we can compute E [4(0)1(S)”]. Our goal now is to recover the columns E [¢)(O)#(Y;)], which together
make up p; we can do this based on the ordering of values in Egl. We describe the overall procedure in its most
general form in Algorithm[2]

A.3.3 Handling Non-Singleton Separator Sets

Now, we consider the setting where G'ource has arbitrary separator sets. Let ds = Y g [[;cg(|Vr] —1). We
see that we could solve this using our standard approach—this time, involving a rank-dg matrix completion
problem—except for the fact that we do not know X5, as it now involves terms besides the class balance.

Note first of all that we can always add edges between sources to Gsource Such that it has singleton separator
sets (intuitively, this consists of “completing the clusters”), and as long as our problem is still identifiable (see
Section[B.T)), we can simply solve this instance as above.

Instead, we can also take a multi-step approach, wherein we first consider one or more subgraphs of Gyource that
contains only singleton separator sets, and contains the cliques in S. We can then solve this problem as before,
which then gives us the needed information to identify the elements of 25 in our full problem, which we can then
solve. In particular, we see that this multi-step approach is possible whenever the graph Gsource has at least three
components that are disconnected except for through Y.

A.3.4 Rank-One Settings

We now consider settings where we can estimate the parameters of our label model, x, involving only a rank-one
matrix completion problem.

First, in the simplest setting of a single-task problem with binary class variable, Y € {0,1} and Gyoyre With
singleton separator sets, dy = 7 — 1 = 1 and our problem is directly a rank-one instance.

Next, we consider the setting of general Y, with || = r and Gouee With singleton separator sets. By default, our
problem now involves a rank-(r — 1) matrix completion problem. However, we can reduce this to involving only a
rank-one matrix completion problem by adding one simplifying assuption to our model: namely, that sources emit
different incorrect labels with uniform conditional probability. Concretely, we add the assumption that:

A0)i=Y <= (Ap)i=Y Vie C = P(Ac|Y) = P(AL]Y) (18)

Note that this is the same assumption as in the main body, but expressed more explicitly with respect to a clique
C'. For example, under this assumption, P(A; = 3'|Y = y) is the same for all ¥ such that ' # y. As another
example, P(A; = y, A\; = ¢/'|Y = y) is the same for all y’ such that y’ # y. Intuitively, under this commonly-used
model, we are not modeling the different class-wise errors a source makes, but rather just whether it is correct or
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not given the correctness of other sources it is correlated with. The idea then is that with assumption (I8) even
though |H| = r — 1 (and thus s has r — 1 columns), we only actually need to solve for a single parameter per
element of O.

We can operationalize this by forming a new graph with a binarized version of Y, Yz € {0, 1}, such that the r
classes are mapped to either O or 1. We see that this new variable still results in the same structure of dependencies
Giource, and still allows us to recover the parameters c, (and thus £). We now have:

S§={Yp}
We now solve in the same rank-one way as in the binary Y case. Now, for singleton cliques, {A;, Y}, given that we
know P(Y), we can directly recover P(X; = y|Y = ¢/) for all ¢/, given our simplified model.

For non-singleton cliques {A¢, Y}, note that we can directly recover P(N;ccA; = y|Y = ¢') in the exact same
way. From these, computed for all cliques, we can then recover any probability in our model. For example, for

Yy F
Pi=y X =y|Y=y)=PNi=ylY=y)— > PAi=yX=y'[Y=y)
y'' £y’
=PXi=ylY=9)—PXi=y,Aj=ylY=y)-
X (r—=2)PAi=y, X =y[Y=1y)

1
= P(&ZZJ’)\;’:y/|Y:y):ﬁ(P()\iZMY:y)*P()\i:y,)\j:y|Y:y))~

In this way, we can recover all of the parameters y while only involving a rank-one matrix completion problem.
Note that this also suggests a way to solve for the more general model, i.e. without (I8]), using a hierarchical
classification approach.

A.3.5 Recovering the Class Balance P & Computing P (Y| )\)

We now turn to the task of recovering the class balance P(Y), for Y € ). In many practical settings, P(Y) can be
estimated from a small labeled sample, or may be known in advance. However here, we consider using a subset of
conditionally independent sources, s1, . . ., sy to estimate P(Y). We note first of all that simply taking the majority
vote of these sources is a biased estimator.

Instead, we consider a simplified version of the matrix completion-based approach taken so far. Here, we consider
a subset of the sources sq,. .., s; such that they are conditionally independent given Ggource, 1.6. A; L A;|Y,
and consider only the unary indicator statistics. Denote the vector of these unary indicator statistics over the
conditionally independent subset of sources as ¢, and let the observed overlaps matrix between sources ¢ and j be
Aij=E [@QSJT] Note that due to the conditional independence of A; and A;, for any £, we have:

(Ai )kt =E[(¢:)k(d5)1]
=PXNi =Y, A\j = 1)

=Y P =yp X =ulY =y)P(Y =y)
yey

=Y P =ulY=9)P(\; =Y =y)P(Y = y).
yey

Letting B, be the |}, | x |Y| matrix of conditional probabilities, (B;);r = P(X; = y;|Y = yx), and P be the
diagonal matrix such that P; ; = P(Y = y;), we can re-express the above as:

A;; = BiPB].
Since P is composed of strictly positive elements, and is diagonal (and thus PSD), we re-express this as:
Aij = B;BT, (19)

where B; = B;v/P. We could now try to recover P by decomposing the observed A; ; to recover the B;, and from
there recover P via the relation:

P = ding (B7T) : (20)
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since summing the column of B; corresponding to label Y is equal to 1/P(Y) > yey; P(Ai = y|Y) = \/P(Y) by
the law of total probability. However, note that B;U for any orthogonal matrix U also satisfies , and could thus
lead to a potentially infinite number of incorrect estimates of P.

Class Balance Identifiability with Three-Way View Constraint A different approach involves considering the
three-way overlaps observed as A; ; ;.. This is equivalent to performing a tensor decomposition. Note that above,
the problem is that matrix decomposition is typically invariant to rotations and reflections; tensor decompositions
have easier-to-meet uniqueness conditions (and are thus more rigid).

Specifically, we apply Kruskal’s classical identifiability condition for unique 3-tensor decomposition. Consider
some tensor

R
Tzler@Y;"@er

where X,.,Y,., Z, are column vectors that make up the matrices X,Y, Z. The Kruskal rank kx of X is the
largest & such that any & columns of X are linearly independent. Then, the decomposition above is unique if
kx + ky + kz > 2R + 2 [22:[3]). In our case, our triple views have R = |)/|, and we have

Aijx =B; ® B; @ By. 1)

Thus, if £ B, + k B, +k By > 2|Y| + 2, we have identifiability. Thus, it is sufficient to have the columns of each of

the B;’s be linearly independent. Note that each of the B;’s have columns with the same sum, so these columns are
only linearly dependent if they are equal, which would only be the case if the sources were random voters.

Thus, we can use to recover the Bi in a stable fashion, and then use to recover the P(Y).

A.3.6 Predicting Labels with the Label Model

Once we have an estimate of 1, we can make predictions with the label model—i.e. generate our probabilistic
training labels P, (Y|A)—using the junction tree we have already defined over Gource. Specifically, let C be the set
of maximal cliques (nodes) in the junction tree, and let S be the set of separator sets. Then we have:

_Heec PVe) _ Teec ore)
[lses P(Vs)  Ilses s vas)

where again, Vo = {V; }iec, where V) = Y and V> ¢ = ;. Thus, we can directly compute the predicted labels
P,(Y|\) based on the estimated parameters .

P,(Y,\)

A.4 Example: Hierarchical Multi-Task Supervision

We now consider the specific case of hierarchical multi-task supervision, which can be thought of as consisting of
coarser- and finer-grained labels, or alternatively higher- and lower-level labels, and provides a way to supervise
e.g. fine-grained classification tasks at multiple levels of granularity. Specifically, consider a task label vector
Y = [Vi,...,Y;]7T as before, this time with Y, € {N/A,1,...,k.}, where we will explain the meaning of the
special value N/A shortly. We then assume that the tasks Y are related by a rask hierarchy which is a hierarchy
Gus = (V, E) with vertex set V = {Y7, Ya, ..., Y;} and directed edge set E. The task structure reflects constraints
imposed by higher level (more general) tasks on lower level (more specific) tasks. The following example illustrates
a simple tree task structure:

Example 2 Let Y classify a data point X as either a PERSON (Y7, = 1) or BUILDING (Y7 = 2). If Y1 = 1,
indicating that X represents a PERSON, then Y can further label X as a DOCTOR or NON-DOCTOR. Y3 is used
to distinguish between HOSPITAL and NON-HOSPITAL in the case that Y1 = 2. The corresponding graph
Glask is shown in Figure[8] If Y1 = 2, then task Y; is not applicable, since Y is only suitable for persons; in
this case, Yo takes the value N/A. In this way the task hierarchy defines a feasible set of task vector values:
Y=[1,1,n/47T,[1,2,n/4)T,[2,8/4,1]T,[2,8/4,2]|T are valid, while e.g. Y = [1,1,2]T is not.

As in the example, for certain configurations of Y’s, the parent tasks logically constrain the one or more of
the children tasks to be irrelevant, or rather, to have inapplicable label values. In this case, the task takes on
the value N/A. In Example [2] we have that if Y; = 1, representing a building, then Y3 is inactive (since X
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Ys Y3

Figure 8: Example task hierarchy Gy, for a three-task classification problem. Task Y7 classifies a data point X
as a PERSON or BUILDING. If Y7 classifies X as a PERSON, Y5 is used to distinguish between DOCTOR and
NON-DOCTOR. Similarly, if Y5 classifies X as a BUILDING, Y3 is used to distinguish between HOSPITAL and
NON-HOSPITAL. Tasks Y3, Y3 are more specific, or finer-grained tasks, constrained by their parent task Y7.

corresponds to a building). We define the symbol N/A (for incompatible) for this scenario. More concretely, let

N(Y;) ={Y; : (Y;,Y;) € E} be the in-neighborhood of Y;. Then, the values of the members of N/(Y;) determine
whether Y; = N/A, i.e., 1{Y; = N/A} is deterministic conditioned on N (Y;).

Hierarchical Multi-Task Sources Observe that in the mutually-exclusive task hierarchy just described, the value
of a descendant task label Y; determines the values of all other task labels in the hierarchy besides its descendants.
For example, in Example 2} a label Y, = 1 — (Y7 = 1,Y5 = N/A); in other words, knowing that X is a
DOCTOR also implies that X is a PERSON and not a BUILDING.

For a source A; with coverage set 7;, the label it gives to the lowest task in the task hierarchy which is non-zero and
non-N/A determines the entire label vector output by ;. E.g. if the lowest task that \; labels in the hierarchy is
Y7 = 1, then this implies that it outputs vector [1, 0, N/A}T. Thus, in this sense, we can think of each sources \; as
labeling one specific task in the hierarchy, and thus can talk about coarser- and finer-grained sources.

Reduced-Rank Form: Modeling Local Accuracies In some cases, we can make slightly different modeling
assumptions that reflect the nature of the task structure, and additionally can result in reduced-rank forms of our
model. In particular, for the hierarchical setting introduced here, we can divide the statistics p into local and global
subsets, and for example focus on modeling only the local ones to once again reduce to rank-one form.

To motivate with our running example: a finer-grained source that labels DOCTOR versus NON-DOCTOR probably
is not accurate on the building type subtask; we can model this source using one accuracy parameter for the former
label set (the local accuracy) and a different (or no parameter) for the global accuracy on irrelevant tasks. More
specifically, for cliques involving A;, we can model P(\;,Y) for all Y with only non-N/A values in the coverage
set of \; using a single parameter, and call this the local accuracy; and we can either model p for the other Y using
one or more other parameters, or simply set it to a fixed value and not model it, to reduce to rank one form, as
we do in the experiments. In particular, this allows us to capture our observation in practice that if a developer is
writing a source to distinguish between labels at one sub-tree, they are probably not designing or testing it to be
accurate on any of the other subtrees.

B Theoretical Results

In this section, we focus on theoretical results for the basic rank-one model considered in the main body of the paper.
In Section[B.I] we start by going through the conditions for identifiability in more detail for the rank-one case.
In Section we provide additional interpretation for the expression of our primary theoretical result bounding
the estimation error of the label model. In Section[B.3] we then provide the proof of Theorem 1, connecting this
estimation error to the generalization error of the end model; and in Section we provide the full proof of the
main bound.

B.1 Conditions for Identifiability
We consider the rank-one setting first, as in the main body, where we have

—(Z5ha = (22"),, (22)
where (2 is the inverse augmented edge set, i.e. a pair of indices (4, j), corresponding to elements of ¢ (C), and

therefore to cliques A, B € C, is in Q if A, B are not part of the same maximal clique in Gyouce (and therefore
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(Ko0)i,; = 0). This defines a set of || equations, which we can encode using a matrix Mq, where if (7, j) is the
(r — 1)th entry in 2, then

1 se{j},

(Ma)r,s = { ) (23)
0 else.

Let [; = log(2}) and q(; ;) = log(((25"):,;)); then by squaring and taking the log of both sides of we get a

system of linear equations:

MQI =4q0.- (24)

Thus, we can identify z (and therefore ;1) up to sign if the system of linear equations (24)) has a solution.

Notes on Invertibility of M Note that if the inverse augmented edge graph consists of a connected triangle (or
any odd-numbered cycle), e.g. Q = {(4, ), (J, k), (¢, k) }, then we can solve for the z; up to sign, and therefore
Mg, must be invertible:

2 _ (25D (Z5 )ik

ey I
(X6 )jk
and so on for z;, 2. Note additionally that if other z; are connected to this triangle, then we can also solve for them

up to sign as well. Therefore, if {2 contains at least one triangle (or odd-numbered cycle) per connected component,
then M, is invertible.

Also note that this is all in reference to the inverse source dependency graph, which will generally be dense
(assuming the correlation structure between sources is generally sparse). For example, note that if we have one
source A; that is conditionally independent of all the other sources, then 2 is fully connected, and therefore if there
is a triangle in 2, then M, is invertible.

Identifying the Signs of the z; Finally, note that if we know the sign of one z;, then this determines the signs of
every other z; in the same connected component. Therefore, for z to be uniquely identifiable, we need only know
the sign of one of the z; in each connected component. As noted already, if even one source \; is conditionally
independent of all the other sources, then €2 is fully connected; in this case, we can simply assume that the average
source is better than random, and therefore identify the signs of z without any additional information.

Identifiability in the Rank-(r — 1) Setting Next, we consider the setting with singleton separator sets without
any additional modeling assumptions, leading to a rank-(r — 1) setting, where r = ||. We first estimate ) =
Yos Eng(T) s» and then recovering Y os, and then from this directly recovering p.. We now use a result from [20]]
to provide a sufficient condition for identifiability in the rank-(r — 1) setting, up to column permutations. First we
clarify definitions.

Recall that Gayg = (¢, Faug) be the version of our source dependency graph Gource €xtended over the augmented
set of indicator variables, 9, for all cliques. Let C; € C and (y¢, ) j € y;“]_i" Vj € C;, and let a be the index of ¥
corresponding to (Cj, yc, ), and b the index corresponding to (C}, yc, ). Then, (a, b) € Eq iff C;, C; are subsets
of the same maximal clique in Gyource. We then define Giny.aug = (1, 2) as the inverse graph of Gy, such that
(a,b) € Eyg iff C;, C; are not subsets of the same maximal clique in Gurce-

Now, we simply define the clique-indexed version of 2. Recall that Gsouee = (V, E), and consider the extended
version that includes all cliques, G¢ = (C, E¢), such that (a,b) € Eg iff C,, C}, are subsets of the same maximal
clique in Gource. Then, define Giny-c = (C, Qc¢) as the inverse graph of G, such that (a,b) € Ey iff C,, Cy are
not subsets of the same maximal clique in Goyree.

Now, we state the lemma:

Lemma 1 Consider the singleton separator set, rank-(r — 1) setting, and suppose that the bipartite graph
G(Qe) = (C,C, Q) is connected. Then Algorithm 2| recovers v up to column-wise sign.

Proof: We first consider recovering the rank-(r — 1) matrix ZZ7 from (35')q +(ZZ7)q = 0. We use Proposition
2.12 from Kiraly & Tomioka [20], which states that ZZ7 is recoverable using mask  if G(2) is k-closable. We
start by using the fact that G(€)¢) connected = G()¢) is 1-closable. From the definition, this directly means
that we can recursively form vertex sets of G(€2¢) whose induced subgraphs are isomorphic to a complete 2 x 2
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bipartite graph with one edge removed, until we have filled in all edges in G(2¢). Now, consider the bipartite
graph G(Q) = ({1,...,d}, {1,...,d}, Q). Note that since we assume the conditional independence structure of
our sources Gource 18 independent of the label being emitted, if (A, B) € Q¢ for cliques A, B, then (i,7) € Q
for all (r — 1) indices ¢ corresponding to A and all (r — 1) indices j corresponding to B. Thus, for every step of
the recursive 1-closure procedure involving clique sets { A, A}, { B, B'}, we can take (r — 1) steps involving the
corresponding indices to form the equivalent (r — 1)-closure. Thus G(€2) is (r — 1)-closable, which implies that
ZZT is recoverable.

Now, if we can recover ZZT uniquely, this means that we can recover Z up to orthogonal transformations. In other
words, we can recover some 2’ = ZU for some unknown orthogonal matrix U Ty = I. Now, from before we have:

Q =021+ 272021 2"%0.
We now apply the Woodbury matrix identity to get:
Q =%02'7"%0 - X0Z' 2T + 22TV 2 2 TY0 = %0272 Y0 — X0 ZZT (S5t + 2271 22750 = Q.

Therefore, we can uniquely recover Q = 20525125 s- Now, we aim to recover Xps, given that we know Xs.
We start by considering the eigendecomposition of symmetric matrix Q:

Q = ANAT,

where A is orthogonal and A is diagonal. We can also take the eigendecomposition of Egl = BDBT, so that we
have:

T
Q = SosBDBTSL . = SosB(DAH):CA (ZOSB(DA*)%C) ,

where C' can be any diagonal matrix with diagonal entries in {—1, 1}. Then, by the uniqueness of the eigendecom-
position, we have:

A=3%0sB(DA™1)3C = Yps=ACA?D 2B~ !,

where the matrix C represents the remaining columnwise sign symmetry, which is the generalization of our single
sign symmetry in the rank-one setting, and is broken in the same ways (e.g. by assuming all the sources are
non-adversarial). Additionally, we can extend the above lemma to handle several disconnected components of
G(£¢) as in the rank one setting.

B.2 Interpreting the Main Bound

We re-state Theorem [2] which bounds the average error on the estimate of the label model parameters, providing
more detail on and interpreting the terms of the bound.

Theorem 2 Let [i be an estimate of u* produced by Algorithm || run over n unlabeled data points. Let a :=
1
(3 - Ah(S0)) " andbi= Lol

do min == o’ Then, we have:

B[~ 1] < 40— 1) o [(3v/doarhy(50) + 1) (2vZabomax (M) [5(50) + Ak (S0)] )]

Influence of 0., (M)  the largest singular value of the pseudoinverse M . Note that || Mg || = (Apin (ME Mg)) L.
As we shall see below, )\min(Mg; M) measures a quantity related to the structure of the graph Gj,y. The smaller
this quantity, the more information we have about Gjy,y, and the easier it is to estimate the accuracies. The smallest
value of || M| (corresponding to the largest value of the eigenvalue) is ~ ﬁ; the square of this quantity in the

bound reduces the m? cost of estimating the covariance matrix to m.

It is not hard to see that
ME Mg = diag(deg(Giny)) + Adj(Giny ).

Here, deg(Giyy) are the degrees of the nodes in Gy, and Adj(Giyy) is its adjacency matrix. This form closely
resembles the graph Laplacian, which differs in the sign of the adjacency matrix term: £(G) = diag(deg(G)) —
Adj(G). We bound

Umax(M;z_) S (dmin + Amin (Ad](va))))il )
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where d i, is the lowest-degree node in Gy, (that is, the source s with fewest appearances in €2). In general,
computing Apmin(Adj(Gin))) can be challenging. A closely related task can be done via Cheeger inequalities,
which state that 1

2hG Z Amln(ﬁ(G)) 2 §héa

where \pnin (£(G)) is the smallest non-zero eigenvalue of £(G) and
|E(X, X))
min {chGX dy, Zye)'( dy}
is the Cheeger constant of the graph [7]. The utility of the Cheeger constant is that it measures the presence of

a bottleneck in the graph; the presence of such a bottleneck limits the graph density and is thus beneficial when
estimating the structure in our case. Our Cheeger-constant like term amax(Ma' ) acts the same way.

hg = min

Now, in the easiest and most common case is that of conditionally independent sources [9}40; 95 [17]., Adj(Giny)
has 1’s everywhere but the diagonal, and we can compute explicitly that

1

Umax(Ma_): m_2-

In the general setting, we must compute the minimal eigenvalue of the adjacency matrix, which is tractable, for
example, for tree structures.

Influence of i, (Xp) the smallest eigenvalue of the observed matrix. This quantity reflects the conditioning of
the observed (correlation) matrix; the better conditioned the matrix, the easier it is to estimate >¢.

Influence of ( Eal)min the smallest entry of the inverse observed matrix. This quantity contributes to X!, the
geenralized precision matrix that we centrally use; it is a measure of the smallest non-zero correlation between
source accuracies (that is, the smallest correlation between non-independent source accuracies). Note that the tail
bound of Theorem [2|scales as exp(—((£5" )min)?). This is natural, as distinguishing between small correlations
and independencies requires more samples.

B.3 Proof of Theorem 1

Let D be the true data generating distribution, such that (X,Y) ~ D. Let P, (Y|\) be the label model parameterized
by u and conditioned on the observed source labels A. Furthermore, assume that:

1. For some optimal label model parameters ;*, Py« (A, Y) = P(A,Y);
2. The label Y is independent of the features of our end model given the source labels A

That is, we assume that (i) the optimal label model, parameterized by p*, correctly matches the true distribution
of source labels A drawn from the true distribution, (s(X),Y) ~ D; and (ii) that these labels X provide sufficient
information to discern the label Y. We note that these assumptions are the ones used in prior work [30]], and are
intended primarily to illustrate the connection between the estimation accuracy of /i, which we bound in Theorem 2]
and the end model performance.

Now, suppose that we have an end model parameterized by w, and that to learn these parameters we minimize a
normalized bounded loss function {(w, X,Y), such that without loss of generality, [(w, X,Y) < 1. Normally our
goal would be to find parameters that minimize the expected loss, which we denote w*:

L(w) = E(x y)~p [H(w, X, Y)] (25)

However, since we do not have access to the true labels Y, we instead minimize the expected noise-aware loss,
producing an estimate w:

Ly(w) = E(x.y)op [E%PM(M(X)) [Z(w,X, i{)” . (26)
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In practice, we actually minimize the empirical version of the noise aware loss over an unlabeled dataset U =
(XM X1 producing an estimate 10:

1< -
T > Evop, (e {l(“”X(Z)’Y)} ‘ @
i=1

Let w* be the minimizer of the expected loss L, let w be the minimizer of the noise-aware loss for estimated label
model parameters y, L,,, and let w be the minimizer of the empirical noise aware loss L - Our goal is to bound the
generalization risk- the difference between the expected loss of our empirically estimated parameters and of the
optimal parameters,

L(®) — L(w*). (28)

Additionally, since analyzing the empirical risk minimization error is standard and not specific to our setting, we
simply assume that the error |L,(w) — L, ()| < 7(n), where y(n) is a decreasing function of the number of
unlabeled data points n.

To start, using the law of total expectation first, followed by our assumption (2) about condtional independence, and
finally using our assumption (1) about our optimal label model p*, we have that:

L(w) = Ex/ y)~p [L(w)]

=Ex/v)~p [Ex,v)op [l(w, X', Y)| X = X]]

= Ex/ yy~p [Exy)~n [[(w, X', Y)[s(X ) s(X")]]

= B y)ep (B gy [H0 X D)X= 5(X)] |

= LH* (U})

Now, we have:
L(w) — L(w*) = Lu*( 0) + Lu(w) - Lu(w) + Lu(ﬁ]) - Lu(w) — Ly (w*)

< L#*( o) + Lu@’) — Ly,(0) + LM(W*) — Ly (w) — Lu*(W*)
< 1L, () = Lu(@)] + 1 () = L (@)] + L") = Ly (@)
<7(n) + 2max| L, (w') = Ly(w)],

where in the first step we use our result that L = L.~ as well as add and subtract terms; and in the second step we use
the fact that L,,(w) < L, (w*). We now have our generalization risk controlled primarily by | L, (w’) — L, (w")|,
which is the difference between the expected noise aware losses given the estimated label model parameters p and
the true label model parameters p*. Next, we see that, for any w':

Ly (@) = Lu(@)| = [Ecems [Exer,. o [0, X 0] = Egp, g [l X, D)]]|

E(x,v)~p [Z Ww, X,Y') (Pu= (Y'|A) = Pu(Y'|N))
Y ey
Z E(x,v)~p [|Pur (Y[X) = Pu(Y'|N)]]
Y ey
< |y|maxEXYND [| P (Y|A) = Pu(Y'IN)],

IN

where we have now bounded |L,,- (w’) — L, (w’)| by the size of the structured output space ||, and a term having
to do with the difference between the probability distributions of 1 and p*.

Now, we use the result from [[16] (Lemma 19) which establishes that the log probabilities of discrete factor graphs
with indicator features (such as our model P, (\,Y)) are (I, 2)-Lipschitz with respect to their parameters, and the
fact that for x, y s.t. |z|, |y| < 1, |z — y| < |log(z) — log(y)], to get:
|Pm (Y'|A) — Pu(Y’|)\)] < |log P, (Y'|A) — log P#(Y’\)\)|
< |log Py (A, Y') —log Pu(A, Y')| + [log Ppi= (A) — log Pu(A)]
< 21" = plle + 211" =l
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< 4|l = pll,

where we use the fact that the statement of Lemma 19 also holds for every marginal distribution as well. Therefore,
we finally have:

L(w) — L(w®) < y(n) + 4[| [[n" = pl]-

B.4 Proof of Theorem

Proof: First we briefly provide a roadmap of the proof of Theorem [2] We consider estimating i with our procedur
in the rank-one setting, and we seek a tail bound on ||z — p|. The challenge here is that the observed matrix o we
see is itself constructed from a series of observed i.i.d. samples 1/(O)(1), ... 4(O)("™). We bound (through a matrix
concentration inequality) the error Ap = Yo — X0, and view Ag is a perturbation of ¥. Afterwards, we use a
series of perturbation analyses to ultimately bound |20 — Sos||, and then use this directly to bound || — p||;
each of the perturbation results is in terms of Ag.

We begin with some notation. We write the following perturbations (note that all the terms written with A are
additive, while the § term is relative)

Son = Yos + Aow,
Yo = %o + Ao,
(=04 Ay,

z = (I + diag(d.))z.

Now we start our perturbation analysis:

~ 1 - 1
ZOH = —j)oé = ﬁ(ZO + Ao)(I + dlag(éz))z
¢ NG
1
= — (Xoz + Bodiag(d,)z + Ao(I + diag(d,))z) .
NG
Subtracting Xps = ﬁZoz, we get
A (1 1)2 +1(Z‘ diag(d,)z + Ao (I + diag(d.))z) 29)
=—-— z+ — i 2z i 2))z).
OH NN e} NG odiag o g

The rest of the analysis requires us to bound the norms for each of these terms.

Left-most term. We have that
11 Ve 1
— - — ) B0z = |¥E —1|||—=Z0z
H(f \/E> ¢ ‘ﬁ ‘H\f ’
Here, we bounded || Zos|| by vdo H, since Yos € [—1,1]%0. Then, note that ¢ = $5' (1 + 275 2) > 0, since

Ys<land¥p >0 = 2zT¥pz > 0, so therefore ¢, é > 1. In the last inequality, we use this to imply that
|v/c/VE—1] < |y/e—VEé < |é— ¢|]. Next we work on bounding |é — c|. We have

‘ = ‘\[f - 1‘ [Eos| < Vdo
Ve

é—l’s%lé—cl-

& —c| = 55177202 — 2720z
= [25'17 (I + diag(6.))" (S0 + Ao)(I + diag(d.))z — 2" Soz|
= |95 |2T Sodiag(d.)z + 2T Ao (I + diag(d,))z + 27 diag(8.)T (o + Ao)(I + diag(s.))|
< 5 HI=1PUZolllo: | + 1Aoll (L + 1611 + (16:11* + 6N (Zoll + [|Aol))
< =1 UZolllls: ] + 1Al (X + [16:1D) + (I16:11* + 18- (IZoll + [1Aoll)-

(-3

< Vdo(llzlP(IZolllld:] + 120l (1 + 16:11) + (I8:1% + 8- 1) (IZoll + [ Aol))-
(30)
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Bounding c. We will need a bound on ¢ to bound z. We have that
c=(Ss — 5555 Zos) !
Next, 20 s¥5'S0s < ALt (Z0)||Zos]|? so that

Ss — 55585 2os = Ts — Anh (o) Zos|*.

min

Then,
_ —1
c=< ( Amln(ZO)HEOSHQ)

Bounding z. We’ll use our bound on ¢, since z = \/5251205.

12 = Vo5 Zos|
< (Vs — Anh(Z0)[Zos]?) "~ Ank(Z0) [Sos|
_ Amin(Z0)[Zos ||
(S5 = Ak (Z0)[Sos)?) *
Amin(Z0)

(HZE*ZHQ o )\mln(EO))
C uh(Eo)
(32 - 2ok (Z0))”

[N

In the last inequality, we used the fact that ||Xos||? < do. Now we want to control ||Ag]|.

Perturbation bound. We have the perturbation bound

1A < 1M [[llds — as]l- €20

We need to work on the term ||gs — gs||. To avoid overly heavy notation, we write P = X5', P = ¥, and
Ap = P — P. Then we have:

~ 2
lgs —gsl> = (10g(Pz‘2,j) - log(Pi%j))
(i,5)€S

—4 Y (log(1Pu) ~tog(IPy1)

(1,7)€8
=4 Z (log(|Ps,; + (Ap)i;|) —log(|Pij]))°
(1,7)€8
<)

et

(i,5)€S B

;J

(w

I /\

( T
P
2 A
IIlln (i,j)€S

- 8||Eo_1_ =0l
((EO )min)2

Here, the second inequality uses (log(1 + 7))? < 22, and the fourth inequality sums over squared values. Next, we
use the perturbation bound [|X5" — 51| < [|IZ5112[| Ao, so that we have

2V2|IS5 [ Aoll
(25" )min

llds — as|| <
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Then, plugging this into (3T)), we get that

2v2(|%6 2 Aol
(35" )min

Bounding 4. Note also that [|Ag[|? = 37", (log(22) — log(z2)). We have that
AP = Z o (%
=2 log ( )
; |2i
=2 log(1+(8.):),
i=1

zzi(é )i

= 2|6.11%,

1A < max (M) (32)

where in the fourth step, we used the bound log(1 + a) > a? for small a. Then, we have

V2[|55 [Pl Aol

1621 < -
(Eol)min

Umax(Ma_)' (33)

Putting it together. Using (29), we have that

20l = (2 = 7 ) S0 + = (Soding(5.)= + Aol7 + ding(5.)2

H (f f) Yoz
do (1P (IS0l + 180N+ 150 + (-1 + 1511 ol + 1A0]))

+ [Zolllo=lllzll + [Aollllz[I(1 + oz 1))
do (|12 (IZollllé:1 + 1 Aol (1 + [18:1) + 2[18- 1 (IZoll + [ Aol)))
+1Zollllé:(zll + [ AollllzlI (T + [[6z])-

+ ([IZodiag(d:)[| + [[Ao (I + diag(s:))[]) |||

In the first inequality, we use the triangle inequality and the fact that ¢ > 1. In the third inequality, we relied on the
fact that we can control ||8, | (through ||Ao||) so that we can make it small enough and thus take |5, ||* < [|6.]]. A
little bit of rearrangement and algebra shows that

1Aoml < Bvmllzll + D(lIllIZolllo=] + I=lllo=NAoll + lIzl1AolD-

Now we can plug in our bounds from before. For convenience, we set || Ap|| = ¢. Recall that

P _
0= (55 = \(Zo)
10)
and s
_ =gl
(E(_)l)min

Then, we have

max M -
lAou]| < (3 doa/\nnln (30)+1) (\/ﬁab/ﬁ(Eo)amax(Mg)t + \/iabig)\ ((Z )) 2 + a/\mm( )t) .
min O

Again we can take ¢ small so that t> < t. Simplifying further, we have

|80l < (3v/doarzh (o) +1) (V2abomax (M) [£(E0) + Ak (Z0)] +argh(To)) ¢
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Finally, since the a\_! (X0) is smaller than the left-hand term inside the parentheses, we can write

|8oull £ 3VAoaA L (E0) +1) (2v2abomax(Mg) [6(Z0) + Anh (To)] ) ¢ (34)

Concentration bound. We need to bound ¢ = || Ao ||, the error when estimating ¥ from observations 1/(O)(), ... 4 (0)(™)
over n unlabeled data points.

To start, recall that O is the set of observable cliques, 1(0) € {0,1}4¢ is the corresponding vector of minimal
statistics, and ¥ = Cov [¢)(O)]. For notational convenience, let R = E [z/;(O)w(O)T], r = E[¢(0)], and
r, =¢(0)®,and A, = L 3" | r — r. Then we have:

R—rrT ( Zn —(r+A)(r+A) )H
RflirvrT
n v

i=1

l[Aol| = HEO - iOH =

< +

T (+A)(T+AT)TH.

A,
AR

We start by applying the matrix Hoeffding inequality [34]] to bound the first term, Ag. Let S, = %(R — Ry), and
thus clearly E [S;] = 0. We seek a sequence of symmetric matrices Ay, s.t. Si = Ai. First, note that, for some
vectors x, v,

T (P 1= vo”) @ = [Jolf? [la]* = (@,0)* > 0
using Cauchy-Schwarz; therefore |[v||> I = vvT, so that
oI = |lrel[* T = (i rird = (rari)?.
Next, note that (rkrg + R)? = 0. Now, we use this to see that:

(nSk)* = (rirf — R)? = (rird — R)? + (rerd + R)? = 2((rird)? + R?) < 2(d51 + R?).

Therefore, let A? = % (d3 1 + R?), and note that || R?|| < IIR|I” < (do I|R|],,0.)° = d2. We then have
. 2 4d?
=[] < 2 e ) < M2
k=1
And thus,
ny?
o)

Next, we bound A,.. We see that:

—(r+ A (T+AT)TH
~|[rAT 4 AT 4 A, AT

< [[rAT]] + [[AT]] + [|A-AT]
<217 1A+ ||A]]?

<3l 1A

< 3|7l 1A,

< 3dp|A7],

where A!. is the perturbation for a single element of 1)(O). We can then apply the standard Hoeffding’s bound to
get:

In~y?
P(|A]] > 7) < 2exp [~ )
3d%
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Combining the bounds for || Ag|| and || A ||, we get:

n 2
P(|Aoll =) = P(t = 7) < 3doexp | — ot |- (36)
3242,

Final steps Now, we use the bound on ¢ in (34) and the concentration bound above to write

P([Aoull > 1) < P(Vt>t')
t/
=pPlt>—_
(=5)
nt/2
<2 —
do exp ( 32V2d%) ,

where V = (3v/doaA=l (S0) + 1) (Qﬂabamax(M;{) [m(zo) + ﬁ] )

Given S o, we recover fiy = Yo + E [(H)]E [)(O)]. We assume E [¢)(H)] is known, and we can bound the
error introduced by E [¢(H)] I [14(0)] as above, which we see can be folded into the looser bound for the error in
EOH-

Finally, we expand the rank-one form fi; into fi algebraically, according to our weight tying in the rank one model
we use. Suppose in the rank one reduction (see Section , we let Yp = 1{Y = y1 }. Then each element of
f1 that we track corresponds to either the probability of being correct, acy = P(Nicc{Ai =y}, Y = y) or the
probability of being incorrect, ﬁ (1 — ac,y), for each source clique C' and label output combination yc, and this
value is simply copied r — 1 times (for the other, weight-tied incorrect values), except for potentially one entry
where it is multiplied by (r — 1) and then subtracted from 1 (to transform from incorrect to correct). Therefore,
18] = [l1 = fl] < 2(r = 1) |12 — fir|. Thus, we have:

, nt/2
P(HAHH Z t ) S 4(7" — 1)do exp <—32Vv2d%) 5

where V is defined as above. We only have one more step:
Ella—ulll = [ P(i—ul =)
0

< _ -
_/O 4(r —1)do eXP( 32V2d?)v ) dy
_A(r —1)dov/T

2,/ 32\/n2d%
32
= 4(r —1)d2y/ TWV.

NG
2va- U

Here, we used the fact that [ exp(—ay?)dy =

C Experimental Details

C.1 Data Balancing and Label Model Training Procedure

For each application, rebalancing was applied via direct subsampling to the training set in the manner that was found
to most improve development set micro-averaged accuracy. Specifically, we rebalance with respect to the median
class for Openl (i.e. removing examples from majority class such that none had more than the original median
class), the minimum class for TACRED, and perform no rebalancing for OntoNotes. For generative model training,
we use stochastic gradient descent with a step size, step number, and ¢, penalty listed in Table 3| below. These
parameters were found via 10-trial coarse random search, with all values determined via maximum micro-averaged
accuracy evaluated on the development set.
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OntoNotes TACRED Openl

Label Model Training

Step Size Se-3 le-2 Se-4
{5 Regularization le-4 4e-4 le-3
Step Number 50 25 50
End Model Architecture

Embedding Initialization PubMed FastText EN Random
Embedding Size 100 300 200
LSTM Hidden Size 150 250 150
LSTM Layers 1 2 1
Intermediate Layer Dimensions 200, 50 200, 50, 25 200, 50
End Model Training

Learning Rate le-2 le-3 le-3
{5 Regularization le-4 le-4 le-3
Epochs 20 30 50
Dropout 0.25 0.25 0.1

Table 3: Model architecture and training parameter details.

C.2 End Model Training Procedure

Before training over multiple iterations to attain averaged results for reporting, a 10-trial random search over
learning rate and /5 regularization with the Adam optimizer was performed for each application based on micro-
averaged development set accuracy. Learning rate was decayed by an order of magnitude if no increases in training
loss improvement or development set accuracy were observed for 10 epochs, and the learning rate was frozen
during the first 5 epochs. Models are reported using early stopping, wherein the best performing model on the
development set is eventually used for evaluation on the held-out test set, and maximum epoch number is set for
each application at a point beyond which minimal additional decrease in training loss was observed.

C.3 Dataset Statistics

We give additional detail in here (see Table[d) on the different datasets used for the experimental portion of this
work. All data in the development and test sets is labeled with ground truth, while data in the training set is treated
as unlabeled. Each dataset has a particular advantage in our study. The OntoNotes set, for instance, contains a
particularly large number of relevant data points (over 63k), which enables us to investigate empirical performance
scaling with the number of unlabeled data points. Further, the richness of the TACRED dataset allowed for the
creation of an 8-class, 7-sub-task hierarchical classification problem, which demonstrates the utility of being
able to supervise at each of the three levels of task granularity. Finally, the Openl dataset represents a real-world,
non-benchmark problem drawn from the domain of medical triage, and domain expert input was directly leveraged
to create the relevant supervision sources. The fact that these domain expert weak supervision sources naturally
occurred at multiple levels of granularity, and that the could be easily integrated to train an effective end model,
demonstrates the utility of the MeTaL framework in practical settings.

#Train #Dev #Test Tree Depth # Tasks # Sources/Task

OntoNotes (NER) 62,547 350 345 2 3 11
TACRED (RE) 9,090 350 2174 3 7 9
Openl (Doc) 2,630 200 378 2 3 19

Table 4: Dataset split sizes and sub-task structure for the three fine-grained classification tasks on which we evaluate
MeTal.
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C.4 Task Accuracies

For clarity, we present in Table 5] the individual task accuracies of both the learned MeTaL model and MV for
each experiment. These accuracies are computed from the output of evaluating each model on the test set with ties
broken randomly.

OntoNotes TACRED Openl

Task 1

MV 93.3 74.2 83.9
MeTaL 91.9 80.5 84.1
Task 2

MV 73.3 46.2 77.8
MeTaL 75.6 65.9 83.7
Task 3

MV 71.4 74.9 61.7
MeTaL 74.1 74.8 61.7
Task 4

MV - 34.4 -
MeTalL - 60.2 -
Task 5

MV - 36.2 -
MeTalL - 40.2 -
Task 6

MV - 56.3 -
MeTaL - 49.9 -
Task 6

MV - 36.8 -
MeTalL - 56.3 -

Table 5: Label model task accuracies for each task for for both our approach and majority vote (MeTaL/MV)

C.5 Ablation Study: Unipolar Correction and Joint Modeling

We perform an additional ablation to demonstrate the relative gains of modeling unipolar supervision sources and
jointly modeling accuracies across multiple tasks with respect to the data programming (DP) baseline [29]]. Results
of this investigation are presented in Table[6] We observe an average improvement of 2.8 points using the unipolar
correction (DP-UI), and an additional 1.3 points from joint modeling within MeTaL, resulting in an aggregate gain
of 4.1 accuracy points over the data programming baseline.

OntoNotes (NER) TACRED (RE) Openl (Doc) Average

DP [30] 784+ 1.2 49.0 £ 2.7 75.8 £ 0.9 67.7
DP-UI 81.0+£1.2 542 £2.6 76.4£0.5 70.5
MeTaL 82.2+0.8 56.7 £ 2.1 76.6 + 0.4 71.8

Table 6: Effect of Unipolar Correction. We compare the micro accuracy (avg. over 10 trials) with 95% confidence
intervals of a model trained using data programming (DP), data program with a unipolar correction (DP-UI), and
our approach (MeTalL).
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